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We introduce a bordered construction over group rings for self-dual codes. We
apply the constructions over the binary field and the ring F2 + uF2, using groups of
∗corresponding author
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orders 9, 15, 21, 25, 27, 33 and 35 to find extremal binary self-dual codes of lengths
20, 32, 40, 44, 52, 56, 64, 68, 88 and best known binary self-dual codes of length 72. In
particular we obtain 41 new binary extremal self-dual codes of length 68 from groups
of orders 15 and 33 using neighboring and extensions. All the numerical results are
tabulated throughout the paper.
Key Words: Group rings; self-dual codes; codes over rings; extremal codes; bordered
constructions
1 Introduction
A classical technique for producing self-dual codes over fields and rings has been to consider
generator matrices of the form (In|A) where A is a circulant matrix satisfying AAT = −In.
This technique is naturally extended to the bordered construction where the matrix A is
replaced with 





Both methods have been used extensively in the literature to produce many extremal binary
self-dual codes. (See [18], [22], [14] and references therein for some related works.)
Using group rings in coding theory has introduced new tools in constructing codes. A
classical way to produce a code from a group ring is to use the matrix representation of
elements in a group ring and using zero divisors ([16], [17]). In [6], the idea was extended
to any group G and G-codes were defined as codes that are ideals in the group ring RG
where R is a finite Frobenius ring. Group rings have also been used in constructing ex-
tremal binary self-dual codes. In [1, 19] and [20], the extended binary Golay code and the
extended Quadratic residue code were constructed from group rings using the symmetric
group of degree four and dihedral groups. There have been more recent works in which the
construction is generalized and modified to include many more groups and self-dual codes
of different lengths. The main idea in the most recent works is to use a matrix of the form
[In|A], where A is the image of a unitary unit in a group ring under a map that sends group
ring elements to matrices. This idea has been successfully used in producing extremal binary
self-dual codes in [12] and [13].
In this work, we will modify the constructions by introducing a border to In as well as
to the matrix A used in the group ring constructions found in [12] and [13]. Using groups
of orders, 9, 15, 21, 25, 27, 33 and 35 over the binary field or the ring R1 = F2 + uF2, we
construct a considerable number of extremal binary self-dual codes of lengths 20, 32, 40,
44, 52, 56, 64, 68, 88 and best known binary self-dual codes of length 72. In particular we
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construct 41 extremal binary self-dual codes of length 68 with new weight enumerators from
groups of orders 15 and 33, using neighboring and extension methods in addition to the
bordered group ring constructions.
The rest of the work is organized as follows. In Section 2, we give the preliminaries
on group rings, self-dual codes and the alphabets that we use. In Section 3, we give the
bordered group ring construction and prove the main results. In Section 4, we apply the
constructions over different groups to find extremal binary self-dual codes of different lengths
that we enumerate in tables. In section 5, we focus on the new extremal binary self-dual
codes of length 68 that we obtain from groups of order 15 and 33. Section 6 ends the paper
with concluding remarks and directions for possible future directions.
2 Preliminaries
2.1 Codes
In this paper, we will consider two main alphabets, the finite field F2 and the ring F2 +uF2.
Both alphabets are special examples of a larger class of rings called Frobenius rings. A code
over a finite commutative ring R is defined as any subset C of Rn. When the code is a
submodule of the ambient space then the code is said to be linear. To the ambient space, we
attach the usual inner-product, specifically [v,w] =
∑
viwi. The orthogonal with respect
to this inner-product is defined as C⊥ = {w | w ∈ Rn, [w,v] = 0,∀v ∈ C}. Over Frobenius
rings, we have that for all linear codes over R, |C||C⊥| = |R|n. The proof of this fact and a
complete description of codes over rings can be found in [5].
If a code satisfies C = C⊥ then the code C is said to be self-dual. If C ⊆ C⊥ then the
code is said to be self-orthogonal. For binary codes, a self-dual code where all weights are
congruent to 0 (mod 4) is said to be Type II and the code is said to be Type I otherwise.
Two self dual codes C and D of length n are said to be neighbours if dim(C ∩D) = n/2−1.





where wt(c) is the Hamming weight of the codeword c. This is the homogeneous version of
the weight enumerator. Extremal binary self-dual codes, which make up an important part
of our work have certain weight enumerators, which are usually expressed in one variable,
which is simply obtained by replacing x by 1 in the above expression.
An upper bound on the minimum Hamming distance of a binary self-dual code finalized
in [21].
Theorem 2.1. ([21]) Let dI(n) and dII(n) be the minimum distance of a Type I and Type
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c+ 4 if n 6≡ 22 (mod 24)
4b n
24
c+ 6 if n ≡ 22 (mod 24).
Self-dual codes meeting these bounds are called extremal. Throughout the paper, we will
be constructing extremal binary self-dual codes of different lengths.
2.2 Group Rings
We shall use group rings in our construction, so we give the standard definition of a group
ring. Let G be a finite group of order n, then the group ring RG consists of
∑n
i=1 αigi,
αi ∈ R, gi ∈ G.









(αi + βi)gi. (2)

















We restrict ourselves to finite groups since we are only concerned with using these to con-
struct codes but group rings can be defined for groups of arbitrary cardinality. Throughout,
we shall use eG to denote to the identity element of any group G.
The following construction of a matrix was first given for codes over fields by Hurley in
[16]. Let R be a finite commutative Frobenius ring and let G = {g1, g2, . . . , gn} be a group





















αg−1n g1 αg−1n g2 αg−1n g3 . . . αg−1n gn
 . (4)
We note that the elements g−11 , g
−1
2 , . . . , g
−1
n are the elements of the group G in a some
given order. We begin with a technical lemma.
Lemma 2.2. If v =
∑n
i=1 αgigi is a unitary unit of RG and µ =
∑n
i=1 αgi then µ
2 = 1.
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−1 is an antiautomorphism
of RG of order 2. An element v of V (KG) satisfying vv∗ = 1 is called unitary. The









αgi is called the augmentation
mapping of RG. Let v =
∑n









µ. Therefore ε(vv∗) = ε(v)ε(v∗) = µ2 = 1.
2.3 A Family of Rings
We shall use extensively a family of rings of characteristic 2. These were defined in [10] and
[11].
For k ≥ 1, define the commutative ring
Rk = F2[u1, u2, . . . , uk]/〈u21, u22, . . . , u2k〉, uiuj = ujui, 1 ≤ i 6= j ≤ k. (5)
We can also define the rings recursively as:
Rk = Rk−1[uk]/〈u2k〉 = Rk−1 + ukRk−1. (6)





with the convention that u∅ = 1. Then any element of Rk can be represented as∑
A⊆{1,...,k}
cAuA, cA ∈ F2. (8)




0 if A ∩B 6= ∅
uA∪B if A ∩B = ∅.











It is shown in [10] that the ring Rk is a commutative ring with |Rk| = 2(2
k).
The following lemma, which has also been proven in [10], will be used in subsequent
sections.
Lemma 2.3. An element γ of Rk that is a unit satisfies γ
2 = 1. An element α of Rk that
is a non-unit satisfies α2 = 0.
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The Gray map from Rk to F2
k
2 is defined recursively, by building up from the smaller
cases. For R1 we have the following map from [9]:
φ1(a+ bu1) = (b, a+ b).
Then let c ∈ Rk, c can be written as c = a+ buk−1, a, b ∈ Rk−1. Then
φk(c) = (φk−1(b), φk−1(a+ b)). (9)
The map φk is a distance preserving map and the following is shown in [11].
Theorem 2.4. Let C be a self-dual code over Rk, then φk(Rk) is a binary self-dual code of
length 2kn.
The next result proves very useful when extending codes over Rk. It is proven in [7] but
we state it in terms relevant to this paper.
Theorem 2.5. Let C be a self-dual code over Rk of length n and G = (ri) be a j×n generator
matrix for C, where ri is the i-th row of G, 1 ≤ i ≤ k. Let c be a unit in Rk and X be a
vector in Rk








generates a self-dual code C ′ over Rk of length n+ 2.
We note that since c is a unit in Rk it necessarily satisfies c
2 = 1. In [7] this condition is
an added condition but we can eliminate it over Rk.
Remark 1. In the subsequent parts of the paper, we will mainly use the special cases F2 = R0
and R1 = F2 + uF2 for our constructions. However, it is to be noted that the theoretical
results are valid for all Rk.
3 The bordered group ring construction
Let v ∈ RG where R is a finite Frobenius ring of characteristic 2 and G be a finite group of
order n. Define the following matrix:
M(σ) =








where σ(v) is the matrix associated to the element v of the group ring, as given in 4.
By Cσ we denote the linear code generated by M(σ) over the ambient alphabet.
We give the following sufficient conditions for M(σ) to proiduce self-dual codes. Note
that not all self-dual codes will be constructed in this way.
Theorem 3.1. Let R be a finite commutative Frobenius ring of characteristic 2 and let
G = {g1, g2, . . . , gn} be a finite group of order n. If (γ1 + γ2)2 + n(α1 + α2)2 = 0, vv∗ =
1 + (α1 +α2)
2ĝ and (γ1 +nα
2
1, α1 +µα2, γ1 +nα
2
2) has free rank 1 then Cσ is a self-dual code
of length 2n+ 2, where ĝ =
∑n
i=1 gi and µ =
∑n
i=1 αgi−1g.
Proof. Let M(σ) =
(













































































α1 . . . α1
)α1...
α1











= (γ1 + γ2)
2 + n(α1 + α2)
2
and






(α1 . . . α1)+ In +
α2...
α2





























2 · · · α21 + α22
+ In + σ(vv∗).
7
Cσ is self-orthogonal since, char(R) = 2 and we have (γ1 + γ2)
2 + n(α1 + α2)
2 = 0 and











2 · · · α21 + α22
 = In + (α1 + α2)2
1 · · · 1... . . . ...

































I 0 0 0
0 I 0 0
0 0 I 0








1 α1 · · · α1 γ2 + nα22 α2 · · · α2
0 0








1 α1 + µα2 · · · α1 + µα2 γ2 + nα22 α2 · · · α2
0 0









1 α1 + µα2 · · · α1 + µα2 γ2 + nα22 α2 · · · α2
0 0


























i=1 αgi−1g and τ = α2 + µ
2α2 = 2α2 = 0 by Lemma 2.2. Therefore Cσ is
self-dual code if (γ1 +nα
2
1, α1 +µα2, γ2 +nα
2
2) has free rank 1, because then M(σ) will have
free rank n+ 1.
The family of rings Rk is particularly well suited for this construction.
Corollary 3.2. Let R = Rk and let G be a finite group of order n. Let v ∈ RG be a unitary
unit. If α1 + α2 is any non-unit then Cσ is a self-dual code of length 2n+ 2.
Proof. We will show that this case satisfies the hypotheses of Theorem 3.1. If v is a unitary
unit then vv∗ = 1. If α1 + α2 is a non-unit in Rk then (α1 + α2)
2 = 0 by Lemma 2.3. Thus
n(α1 + α2)
2 = n(0) = 0 and vv∗ = 1 satisfy the criteria in the Theorem.
4 Numerical Results
In what follows, we will give the computational results about binary self-dual codes obtained
through the constructions described in Section 3, where the constructions are applied with
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groups of different orders. The search in these computations is done using the Magma
Algebra System ([2]).
In many of the subsequent constructions, the matrix σ(v) will have a special form, which
is usually described in terms of circulant matrices or blocks. By cir(a1, a2, . . . , an) we mean
the n × n circulant matrix obtained by taking the vector (a1, a2, . . . , an) and all its cyclic
shifts as rows.
CIR(A1, A2, . . . , An) is very similar to cir(a1, a2, . . . , an) in construction. The difference
is that Ai’s are k × k blocks instead of single elements. So, if each Ai is a k × k block
matrix, then CIR(A1, A2, . . . , An) is an nk × nk matrix. We used the different notation to
distinguish between the single element case from the block case.
We will also use the concept of g-criculant matirces, which can be defined as follows: Let
0 ≤ g ≤ n. A g-circulant matrix B of order n is a matrix of the form
B = cirg(a1, a2, . . . , an) =

a1 a2 · · · an
an−g+1 an−g+2 · · · an−g





ag+1 ag+2 · · · ag

where each subscript are calculated mod n
Note that, each row of B is the previous row moved g places to the right.
4.1 Constructions from Groups of Order 9






3i+j ∈ RC9, then
σ(α) =





where Ai = cir(a3i−2, a3i−1, a3i) and A
′
i = cir(a3i, a3i−2, a3i−1).
Table 1: Extremal binary self-dual codes of length 20 from C9.
(γ1, α1, γ2, α2) (a1, a2, a3) (a4, a5, a6) (a7, a8, a9) |Aut(C)|
(1, 0, 0, 1) (0, 0, 0) (0, 0, 1) (1, 1, 1) 210 · 34
(1, 0, 0, 1) (0, 1, 1) (1, 1, 1) (1, 1, 1) 217 · 34 · 52 · 7
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Table 2: Self-dual codes over F2 + uF2 of length 20 from C9, whose binary images are
extremal self-dual codes of length 40
(γ,α1, γ2, α2) (a1, a2, a3) (a4, a5, a6) (a7, a8, a9) |Aut(C)| Type
(1, u, u, 1) (u, 0, 0) (u, u, 1) (1 + u, 1, 1 + u) 22 · 32 Type I
(1, u, 0, 1) (u, u, 0) (u, u, 1) (1 + u, 1 + u, 1) 23 · 32 · 5 · 19 Type II
(1, u, 0, 1) (u, u, 0) (0, 0, 1) (1 + u, 1 + u, 1) 22 · 32 Type II
(1, u, u, 1) (u, 1, 1) (1, 1, 1 + u) (1 + u, 1, 1) 211 · 32 Type I
(1, u, 0, 1) (0, 1, 1) (1, 1, 1 + u) (1 + u, 1, 1) 211 · 32 Type II







R(C3 × C3), then
σ(α) = CIR(A1, A2, A3)
where where Ai = cir(a3i−2, a3i−1, a3i).
Table 3: Extremal binary self-dual codes of length 20 from C3 × C3.
(γ1, α1, γ2, α2) (a1, a2, a3) (a4, a5, a6) (a7, a8, a9) |Aut(C)|
(1, 0, 0, 1) (0, 0, 0) (0, 0, 1) (1, 1, 1) 210 · 34
(1, 0, 0, 1) (0, 1, 1) (1, 1, 1) (1, 1, 1) 217 · 34 · 52 · 7
Table 4: Self-dual codes over F2 + uF2 of length 20 from C3 × C3, whose binary images are
extremal self-dual codes of length 40
(γ1, α1, γ2, α2) (a1, a2, a3) (a4, a5, a6) (a7, a8, a9) |Aut(C)| Type
(1, u, u, 1) (u, 0, 0) (u, u, 1) (1 + u, 1, 1 + u) 23 · 32 Type I
(1, u, 0, 1) (u, u, 0) (u, u, 1) (1 + u, 1 + u, 1) 24 · 34 Type II
(1, u, 0, 1) (u, u, 0) (0, 0, 1) (1 + u, 1 + u, 1) 23 · 32 Type II
(1, u, u, 1) (u, 1, 1) (1, 1 + u, 1 + u) (1, 1 + u, 1 + u) 215 · 33 · 5 Type I
(1, u, 0, 1) (0, 1, 1) (1, 1 + u, 1 + u) (1, 1 + u, 1 + u) 215 · 33 · 5 Type II
4.2 Constructions from Groups of Order 15
In this subsection and in some other subsections/sections extremal self-dual codes of length
64 will be constructed. We would like to recall that the possible weight enumerators for a
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self-dual Type I [64, 32, 12]-code is given in [4] as:
W64,1 = 1 + (1312 + 16β) y
12 + (22016− 64β) y14 + · · · , 14 ≤ β ≤ 284,
W64,2 = 1 + (1312 + 16β) y
12 + (23040− 64β) y14 + · · · , 0 ≤ β ≤ 277.
With the most updated information, the existence of codes is known for β =14, 18, 22, 25,
29, 32, 35, 36, 39, 44, 46, 53, 59, 60, 64 and 74 in W64,1 and for β =0, 1, 2, 4, 5, 6, 8, 9, 10,
12, 13, 14, 16, . . . , 25, 28, 19, 30, 32, 33, 34, 36, 37, 38, 40, 41, 42, 44, 45, 48, 50, 51, 52, 56,
58, 64, 72, 80, 88, 96, 104, 108, 112, 114, 118, 120 and 184 in W64,2.






3i+j ∈ RC15, then
σ(α) =





where Ai = cir(a5i−4, a5i−3, a5i−2, a5i−1, a5i) and A
′
i = cir(a5i, a5i−4, a5i−3, a5i−2, a5i−1).
Table 5: Self-dual codes over F2 + uF2 of length 32 from C15 where |Aut(C)| = 22 · 3 · 5 and
(γ1, α1, γ2, α2) = (1, u, u, 1), whose binary images are Type II extremal self-dual of length 64
(a1, . . . , a5) (a6, . . . , a10) (a11, . . . , a15)
(u, u, 0, u, 1) (u, u, u+ 1, u, u+ 1) (0, 1, u, 1, 1)
(u, u, 0, u, 1) (u, 0, 1, u, u+ 1) (u, 1, u, 1, u+ 1)
(u, u, 0, u, 1) (0, 0, 1, 0, u+ 1) (u, u+ 1, u, u+ 1, u+ 1)







R(C3 × C5), then
σ(α) = CIR(A1, A2, A3, A4, A5)
where Ai = cir(a3i−2, a3i−1, a3i).
Table 6: Type II extremal binary self-dual codes of length 32 from groups of order 15
G (γ1, α1, γ2, α2) (a1, . . . , a15) |Aut(C)|
C15 (1, 0, 0, 1) (0, 0, 0, 0, 1, 0, 0, 1, 0, 1, 0, 1, 0, 1, 1) 2
5 · 3 · 5 · 31
C3 × C3 (1, 0, 0, 1) (0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 1, 0, 1, 1, 0) 25 · 3 · 5 · 31
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Table 7: Self-dual codes over F2 + uF2 of length 32 where |Aut(C)| = 22 · 3 · 5 and
(γ1, α1, γ2, α2) = (1, u, 0, 1), whose binary images are Type I
Ci G (a1, a2, . . . , a15) β in W64,1
C1 C15 (u, u, 0, 0, 1, u, 0, 1, u, 1, 0, 1, 0, 1, 1) 14
C2 C15 (u, u, 0, u, 1, 0, u, 1 + u, 0, 1, u, 1, u, 1, 1 + u) 44
C3 C3 × C5 (u, 0, 1, 0, u, 1 + u, u, u, 1, u, 1, 0, 1 + u, 1, u) 14
C4 C3 × C5 (0, 0, 1, u, 0, 1, u, u, 1 + u, u, 1, u, 1, 1 + u, u) 44
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3i+j ∈ RC21, then
σ(α) =





where Ai = cir(a7i−6, a7i−5, . . . , a7i) and A
′
i = cir(a7i, a7i−6, . . . , a7i−1).
Table 8: Extremal binary self-dual codes of length 44 from C21.
γ1, α1, γ2, α2) (a1, . . . , a7) (a8, . . . , a14) (a15, . . . , a21) |Au(t(C)|
(1, 0, 0, 1) (0, 0, 0, 0, 0, 0, 1) (0, 0, 1, 1, 1, 1, 1) (0, 0, 1, 1, 0, 0, 0) 2 · 3 · 7
(1, 0, 0, 1) (0, 0, 0, 0, 0, 1, 1) (0, 1, 0, 1, 1, 0, 0) (1, 0, 0, 1, 1, 0, 0) 2 · 3 · 7
(1, 0, 0, 1) (0, 0, 0, 0, 0, 1, 1) (1, 1, 0, 1, 1, 1, 0) (0, 1, 1, 1, 1, 0, 1) 22 · 3 · 7
(1, 0, 0, 1) (0, 0, 0, 0, 1, 1, 1) (1, 0, 0, 1, 0, 1, 1) (1, 1, 1, 0, 1, 0, 1) 2 · 3 · 7
(1, 0, 0, 1) (0, 0, 0, 1, 0, 1, 1) (0, 1, 0, 1, 0, 1, 1) (1, 1, 0, 1, 1, 0, 1) 2 · 3 · 7
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Table 9: Self-dual codes over F2 + uF2 of length 44 from C21 where (γ1, α1, γ2) = (1, u, 0, 1)
and |Aut(C)| = 22 · 3 · 7, whose binary images are Type II extremal self-dual of length 88.
(a1, . . . , a7) (a8, . . . , a14) (a15, . . . , a21)
(u, u, 0, u, u, u, 1) (u, u, 1, 1, 1, 1, u+ 1) (u, u, 1, u+ 1, u, 0, 0)
(u, u, 0, u, u, u, 1) (u, u, u+ 1, 1, 1, u+ 1, u+ 1) (0, u, 1, u+ 1, 0, 0, 0)
(u, u, u, u, 1, 1, u+ 1) (1, 0, u, 1, u, u+ 1, u+ 1) (1, u+ 1, u+ 1, 0, u+ 1, 0, 1)
(u, u, u, u, 1, 1, u+ 1) (1, 0, 0, u+ 1, 0, u+ 1, 1) (1, 1, u+ 1, u, u+ 1, u, u+ 1)
(u, u, u, u, u, 1, u+ 1) (1, 1, 0, 1, 1, u+ 1, 0) (0, u+ 1, u+ 1, 1, u+ 1, u, u+ 1)
(u, u, u, u, 0, 1, 1) (1, 1, u, 1, 1, u+ 1, 0) (0, u+ 1, u+ 1, u+ 1, u+ 1, u, u+ 1)
(u, u, u, u, u, 1, u+ 1) (0, 1, 0, u+ 1, 1, 0, u) (1, 0, u, u+ 1, u+ 1, 0, u)
(u, u, u, u, u, 1, u+ 1) (0, u+ 1, 0, u+ 1, 1, u, 0) (1, u, 0, u+ 1, 1, u, 0)
(u, u, u, 1, u, 1, 1) (u, u+ 1, u, 1, 0, u+ 1, 1) (u+ 1, u+ 1, u, 1, 1, u, 1)
(u, u, u, 1, u, 1, u+ 1) (u, 1, 0, u+ 1, u, 1, u+ 1) (u+ 1, 1, 0, 1, u+ 1, 0, u+ 1)






ixj ∈ RF21, then
σ(α) =







whereAi = cir(a7i−6, a7i−5, . . . , a7i), A
′
i = cir2(a7i−6, a7i−5, . . . , a7i) andA
′
i = cir4(a7i−6, a7i−5, . . . , a7i)
Table 10: Extremal binary self-dual code of length 44 from F21.
(γ1, α1, γ2, α2) (a1, . . . , a7) (a8, . . . , a14) (a15, . . . , a21) |Aut(C)|
(1, 0, 0, 1) (0, 0, 0, 0, 0, 1, 1) (0, 1, 0, 1, 1, 1, 1) (1, 1, 0, 1, 1, 1, 0) 25 · 3 · 7
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Table 11: Self-dual codes over F2 +uF2 of length 44 from F21 where (γ1, α1, γ2) = (1, u, 0, 1),
whose binary images are Type II extremal self-dual of length 88.
(a1, . . . , a7) (a8, . . . , a14) (a15, . . . , a21) |Aut(C)|
(u, u, 0, u, 0, 1, u+ 1) (u, u+ 1, u, u+ 1, 1, u+ 1, 1) (1, 1, u, 1, u+ 1, u+ 1, 0) 2 · 3 · 7
(u, u, 0, u, 0, 1, u+ 1) (u, u+ 1, u, u+ 1, 1, u+ 1, 1) (u+ 1, u+ 1, 0, u+ 1, u+ 1, 1, u) 2 · 3 · 7
(u, u, 0, 0, 0, 1, 1) (u, 1, u, u+ 1, u+ 1, 1, 1) (1, u+ 1, u, u+ 1, 1, 1, u) 22 · 3 · 7
(u, u, 0, 0, 0, 1, 1) (u, 1, 0, 1, 1, u+ 1, 1) (u+ 1, u+ 1, 0, u+ 1, 1, 1, u) 2 · 3 · 7
(u, u, 0, 0, 0, 1, 1) (u, u+ 1, 0, 1, 1, u+ 1, 1) (1, 1, u, 1, u+ 1, u+ 1, 0) 22 · 3 · 7
(u, 0, 0, u, 0, 1, 1) (u, u+ 1, u, 1, 1, u+ 1, u+ 1) (1, u+ 1, 0, 1, u+ 1, u+ 1, 0) 2 · 3 · 7
(0, u, 0, 0, 0, 1, u+ 1) (u, u+ 1, u, 1, u+ 1, u+ 1, 1) (1, u+ 1, u, 1, u+ 1, 1, 0) 2 · 3 · 7
(0, 0, 0, 0, 0, 1, 1) (u, u+ 1, 0, 1, 1, 1, u+ 1) (u+ 1, 1, u, 1, u+ 1, 1, 0) 22 · 3 · 7
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5i+j ∈ RC25, then
σ(α) =

A1 A2 A3 A4 A5
A′5 A1 A2 A3 A4
A′4 A
′














where Ai = cir(a5i−4, a5i−3, a5i−2, a5i−1, a5i) and A
′
i = cir(a5i, a5i−4, a5i−3, a5i−2, a5i−1).







R(C5 × C5), then
σ(α) = CIR(A1, A2, A3, A4, A5)
where Ai = cir(a5i−4, a5i−3, a5i−2, a5i−1, a5i).
Table 12: Extremal binary self-dual codes of length 52 where (γ1, α1, γ2, α2) = (1, 0, 0, 1).
G (a1, . . . , a25) |Aut(C)| Type
C25 (0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 1, 1, 1, 0, 0, 1, 0, 1, 1, 0) 2 · 52 W52,1
C25 (0, 0, 0, 0, 1, 0, 0, 1, 1, 1, 1, 0, 1, 1, 1, 1, 1, 1, 1, 1, 1, 0, 1, 0, 1) 2 · 52 W52,1
C5 × C5 (0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 1, 1, 0, 1, 1, 1, 0, 1, 0, 1, 1, 1) 2 · 3 · 52 W52,1
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9i+j ∈ RC27, then
σ(α) =

A1 A2 A3 A4 A5 A6 A7 A8 A9
A′9 A1 A2 A3 A4 A5 A6 A7 A8
A′8 A
′






























































where Ai = cir(a3i−2, a3i−1, a3i) and A
′
i = cir(a3i, a3i−2, a3i−1).









iyjzk ∈ R((C3 × C3) o C3), then
σ(α) =
M1 M2 M3M4 M5 M6
M7 M8 M9

where M1 = CIR(A1, A2, A3), M2 = CIR(A4, A5, A6), M3 = CIR(A7, A8, A9),


























Ai = cir(a3i−2, a3i−1, a3i), A
(1)
i = cir(a3i, a3i−2, a3i−1) and A
(2)
i = cir(a3i−1, a3i, a3i−2).







R(C9 o C3), then
σ(α) =







whereAi = cir(a9n−8, . . . , a9i), A
′
i = cir2(a9n−8, . . . , a9i) andA
′′
i = 5−cir(a9n−8, . . . , a9i).








iyjzk ∈ RC33 , then
σ(α) = CIR(M1,M2,M3)
where M1 = CIR(A1, A2, A3), M2 = CIR(A4, A5, A6) and M3 = CIR(A7, A8, A9),
Ai = cir(a3i−2, a3i−1, a3i).
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Table 13: Type II self-dual [56, 28, 12] codes where (γ1, α1, γ2, α2) = (1, 0, 0, 1).
G (a1, . . . , a27) |Aut(C)|
C27 (0, 0, 0, 0, 0, 1, 1, 0, 0, 0, 1, 1, 0, 1, 0, 0, 1, 1, 1, 1, 0, 0, 0, 1, 0, 0, 0) 2 · 33
C27 (0, 0, 0, 0, 0, 1, 0, 0, 1, 1, 0, 1, 1, 0, 1, 0, 0, 1, 0, 1, 1, 1, 1, 0, 1, 1, 1) 2 · 33
(C3 × C3) o C3 (0, 0, 1, 0, 0, 1, 1, 0, 0, 0, 0, 1, 0, 1, 1, 1, 1, 0, 1, 0, 1, 0, 1, 1, 0, 1, 1) 2 · 33
C9 o C3 (0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 0, 0, 1, 0, 0, 1, 1, 0, 1, 0, 1, 1, 1, 1, 0, 0) 2 · 33
C9 o C3 (0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 0, 0, 1, 0, 0, 1, 1, 1, 1, 0, 0, 1, 1, 1, 0, 0) 23 · 33 · 7
C9 o C3 (0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 1, 1, 0, 1, 1, 1, 0, 1, 0, 1, 1, 1, 0, 1, 1, 1) 33
C9 o C3 (0, 0, 0, 0, 0, 1, 0, 1, 1, 0, 1, 1, 1, 0, 0, 1, 0, 1, 1, 0, 1, 1, 0, 0, 1, 1, 1) 23 · 34 · 7 · 13
C33 (0, 0, 0, 0, 0, 1, 1, 0, 1, 0, 0, 1, 0, 1, 1, 1, 1, 0, 0, 1, 1, 1, 1, 1, 0, 1, 0) 2
3 · 34 · 7 · 13
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3i+j ∈ RC21, then
σ(α) =





where Ai = cir(a9n−8, . . . , a9i) and A
′
i = cir(a9i, a9n−8, . . . , a9i−1).
Table 14: Extremal binary self-dual codes of length 68 from C33 where (γ1, α1, γ2, α2) =
(1, 0, 0, 1) .
Di (a1, . . . , a33) |Aut(C)| W68,1
D1 (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 1, 1, 0, 1, 0, 1, 1, 0, 1, 1, 0, 0, 1, 1, 1) 2 · 3 · 11 β = 137
D2 (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 1, 1, 1, 1, 1, 1, 0, 1, 1, 0, 0, 1, 1, 0, 0, 0) 2 · 3 · 11 β = 170
D3 (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 1, 0, 1, 1, 0, 1, 1, 1, 0, 0, 1, 1, 1, 0, 1) 2 · 3 · 11 β = 170
D4 (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 1, 1, 1, 0, 0, 0, 1, 1, 1, 0, 0, 1, 0, 1, 1, 1, 0, 1, 0) 2 · 3 · 11 β = 236
D5 (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 1, 1, 0, 1, 0, 0, 1, 0, 0, 1, 1, 0, 1, 1, 1, 1, 1, 1, 1, 1) 2 · 3 · 5 · 11 β = 104
D6 (0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 1, 0, 0, 0, 0, 0, 0, 1, 0, 1, 1, 0, 0, 0, 0, 1, 1, 1, 0, 1, 1, 1, 0) 2 · 3 · 11 β = 203
D7 (0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 1, 0, 1, 1, 0, 0, 0, 0, 0, 1, 0, 1, 1, 1, 0, 0, 1, 0, 0, 1, 0, 1, 0) 2 · 3 · 11 β = 335
D8 (0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 1, 0, 0, 1, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 1, 0, 0, 1, 1, 1, 1, 1, 0) 2 · 3 · 11 β = 269
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7i+j ∈ RC35, then
σ(α) =

A1 A2 A3 A4 A5 A6 A7
A′7 A1 A2 A3 A4 A5 A6
A′6 A
′


































where Ai = cir(a5i−4, a5i−3, a5i−2, a5i−1, a5i) and A
′
i = cir(a5i, a5i−4, a5i−3, a5i−2, a5i−1).
Using the construction above, we get a number of Type II self-dual codes of parameters
[72, 36, 12], which are best known as it is still not known whether extremal binary self-dual
codes of length 72 exist. The possible weight enumerators for a Type II [72, 36, 12] code are
given in [8] as
W72 = 1 + (4398 + α)y
12 + (197073− 12α)y16+···,
where α is a parameter.
Table 15: Type II self-dual [72, 36, 12]-codes from C35 where (γ1, α1, γ2, α2) = (1, 0, 0, 1) .
(a1, . . . , a35) |Aut(C)| α ∈ W72
(0, 0, 0, 0, 1, 0, 0, 1, 1, 1, 0, 0, 0, 1, 0, 0, 1, 1, 1, 0, 1, 0, 0, 1, 1, 0, 0, 1, 1, 0, 0, 1, 0, 0, 0) 2 · 5 · 7 −3936
(0, 0, 0, 0, 1, 0, 0, 1, 1, 1, 0, 0, 0, 0, 0, 1, 0, 1, 1, 0, 1, 1, 0, 1, 0, 1, 0, 0, 0, 0, 0, 1, 0, 1, 1) 2 · 5 · 7 −3726
(0, 0, 0, 0, 1, 0, 0, 1, 1, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 1, 0, 1, 1, 1, 1, 0, 0, 1, 1) 2 · 5 · 7 −3516
(0, 0, 0, 0, 1, 0, 0, 1, 1, 1, 0, 0, 0, 0, 0, 1, 1, 1, 1, 1, 1, 0, 0, 1, 1, 0, 0, 0, 0, 1, 0, 0, 1, 0, 0) 2 · 5 · 7 −3306
(0, 0, 0, 0, 1, 0, 0, 1, 1, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 1, 0, 0, 0, 0, 1, 1, 0, 0) 2 · 5 · 7 −3096
(0, 0, 0, 0, 1, 0, 0, 1, 1, 1, 0, 0, 0, 0, 1, 0, 1, 1, 1, 0, 1, 1, 0, 1, 1, 0, 0, 1, 1, 1, 1, 1, 0, 0, 1) 2 · 5 · 7 −2886
(0, 0, 0, 0, 1, 0, 0, 1, 1, 1, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 1, 0, 1, 1, 1, 1, 1, 1, 1, 0, 1, 1, 1, 1) 2 · 5 · 7 −2676
(0, 0, 0, 0, 1, 0, 0, 1, 1, 1, 0, 0, 1, 1, 1, 0, 1, 1, 0, 1, 0, 1, 1, 1, 0, 0, 0, 1, 1, 0, 1, 0, 1, 1, 0) 2 · 5 · 7 −2466
(0, 0, 0, 0, 1, 0, 0, 1, 1, 1, 0, 1, 0, 0, 0, 1, 0, 0, 1, 1, 0, 0, 1, 0, 0, 0, 1, 0, 0, 1, 1, 1, 0, 1, 0) 23 · 32 · 5 · 7 · 71 −1416
5 New binary self-dual codes of length 68
The possible weight enumerator of an extremal self-dual-code of length 68 is in one of the
following forms by [3, 15]:
W68,1 = 1 + (442 + 4β) y
12 + (10864− 8β) y14 + · · · , 104 ≤ β ≤ 1358,
W68,2 = 1 + (442 + 4β) y
12 + (14960− 8β − 256γ) y14 + · · ·
where 0 ≤ γ ≤ 9. Recently, new codes with previously unknown weight enumerators in W68,1
were constructed in [23]. Together with these the existence of codes in W68,1 are known for
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β =104, 105, 112, 115, 117, 119, 120, 122, 123, 125,. . . , 232, 234, 235, 236, 238, 241, 245,
247, 252, 255, 257,. . . ,269, 273, 280, 287, 291, 294, 301, 302, 308, 313, 315, 322, 324, 328,. . . ,
336, 338, 339, 345, 347, 350, 355, 379 and 401.
Recently, Yankov et. al. constructed the first examples of codes with a weight enumerator
for γ = 7 in W68,2. Together with these the existence of the codes in W68,2 is known for;
γ = 0, β = 0, 7, 11, 14, 17, 21, 22, 28, 33, 35, 42, 44, . . . , 158, 161, 165,
175, 187, 189, 203, 209, 221, 231, 255, 303 or
β ∈ {2m|m = 17, 20, 102, 110, 119, 136, 165 or 80 ≤ m ≤ 99} ;
γ = 1, β = 49, 57, 59, . . . , 160 or
β ∈ {2m|m = 25, . . . , 29, 81, . . . , 90, 92, . . . , 96} ;
γ = 2, β = 65,69,71,77,81,159, 206, 208 or β ∈ {2m|30 ≤ m ≤ 68, 70 ≤ m ≤ 100} or
β ∈ {2m+ 1|42 ≤ m ≤ 69, 71 ≤ m ≤ 77} ;
γ = 3, β = 101,103,105,107,115,117,119,121,123,125,127,129,131,133, 135,
137, 139, 141, 143, 145,147,149,151,153, 155, 159, 161,193 or
β ∈ {2m |m = 44, 45, 47, . . . , 84, 86, . . . ,92, 94, 95, 97, 98, 101, 102} ;
γ = 4, β = 129, 141, 145, 157, 161 or
β ∈ {2m |m = 43, 48, 49, 51, 52, 54, 55, 56, 58, 60, . . . ,78, 80, 87, 97, 98} ;
γ = 6 with β ∈ {2m|m = 69, 77, 78, 79, 81, 88}
γ = 7 with β ∈ {7m|m = 14, . . . , 39, 42} .
In this section, we construct new extremal binary self-dual codes of length 68 from codes
in Section 4. We were able to obtain 29 new codes as neighbours and 12 new codes by using
the building-up construction (Theorem 2.5). All the codes found have weight enumerators,
the existence of which was not known in the literature. The results are tabulated in Table
16 and Table 17, respectively.
More precisely, we obtain the codes for β =233, 237, 239, 240, 242, 243, 244, 246, 248,
249, 250, 251, 253, 254, 256, 270, 271, 272, 274,275, 276, 277, 278, 279, 281, 282, 283, 284,
289 in W68,1 and for γ = 1 and β =51, 53, 55, γ = 2 and β =73, 75, 79, 83; γ = 3 and
β =84, 95, 97, 109, 113 in W68,2.
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Table 16: New self-dual [68, 34, 12]2-codes as neighbors of D7 in Table 14






























In Table 16, C68,i = 〈D7 ∩ 〈x〉⊥, x〉 which is a neighbour of D7, that was obtained from
the group C33 in 4.6. Since first 34 columns of the generator matrix of D7 are linearly
independent, without loss of generality we may assume that the first 34 entries of x are 0.
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Table 17: New codes of length 68 by Theorem 2.5
C68,i Ci (x17, x18, ..., x32) γ β in W68,2
C68,30 C1 (u+ 1, u, 1, u+ 1, u, u+ 1, 0, 0, u, u, 1, u, u+ 1, 1, u+ 1, u+ 1) 1 51
C68,31 C1 (u, u, u, u+ 1, 0, 0, 0, u+ 1, u, u, 1, u+ 1, u+ 1, 1, 1, u) 1 53
C68,32 C1 (u+ 1, 0, 1, 1, 0, u+ 1, 0, u, u, u, 1, 0, u+ 1, u+ 1, u+ 1, 1) 1 55
C68,33 C3 (u, u, 1, u+ 1, 0, 1, u, u+ 1, u, u+ 1, u, u+ 1, 1, 1, u, 1) 2 73
C68,34 C1 (1, u+ 1, u+ 1, u, u+ 1, u+ 1, u, 0, u+ 1, 0, u, u, 0, 0, 1, u) 2 75
C68,35 C1 (1, 1, 0, 1, u+ 1, u, u+ 1, 1, 1, u+ 1, 1, u+ 1, 1, 1, 1, 0) 2 79
C68,36 C1 (u+ 1, 1, u+ 1, 0, u+ 1, u+ 1u, u, u+ 1, u, u, 0, u, u, 1, u) 2 83
C68,37 C3 (u+ 1, 0, 1, u+ 1, 0, 1, u, u, 0, 0, u, 1, 1, 1, 0, u) 3 84
C68,38 C3 (0, u, u+ 1, u+ 1, u, 1, u, 1, u, u+ 1, u, u+ 1, 1, u+ 1, 0, 1) 3 95
C68,39 C1 (0, 0, u, u+ 1, u+ 1, u+ 1, u, 1, u, 1, 1, u+ 1, u+ 1, u+ 1, 1, 1) 3 97
C68,40 C1 (0, 0, u+ 1, u+ 1, 0, u+ 1, 0, 1, u+ 1, 0, 1, 0, u, u+ 1, u, u) 3 109
C68,41 C1 (u+ 1, 1, 1, 1, 1, 1, 0, 0, 1, u+ 1, 0, u+ 1, u, 0, u, 0) 3 113
Theorem 2.5 is applied over F2 + uF2 for the codes in Table 17. The Ci are the codes
over F2 + uF2 of length 32 obtained from groups of order 15, tabulated in Table 7. When
Theorem 2.5 is applied, we obtain self-dual codes over F2 + uF2 of lengths 34, whose binary
images turn out to be extremal self-dual binary self-dual codes of length 68.
We observe that the first 16 columns of G are linearly independent. So, without loss of
generality we assume that the first 16 entries of the extension vector X are 0, which narrows
down the search field remarkably from 432 to 416.
6 Conclusion
The recent developments in using group rings to construct self-dual codes have extended the
tools in the search for self-dual codes. The groups of different orders have introduced many
new constructions that lead to different automorphism groups, which in turn fill the gap
caused by the restrictive nature of constructions such as double circulant, bordered double
circulant and four circulant constructions. The success of these new methods, which has
been demonstrated in [13] and [12], is further shown to be the case for the methods we
have introduced in this paper, which modify and extend the concept of bordered double
circulant matrices as well as the classical group ring constructions that have been discussed
in the aforementioned works. The remarkable number of extremal self-dual codes and the
41 new extremal self-dual codes of length 68 that have been obtained show the strength of
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the methods we have discussed.Due to computational limitations and page restrictions, we
have considered a sample of groups in our constructions.
We propose two possible directions for future research. One is to look at different groups
of different orders. However it should be noted that as the order of the group increases,
so does the length of the codes obtained. This could potentially cause a computational
problem for groups of higher order. The second possible line of research would be to apply
the constructions to rings Rk for k ≥ 2. While we are confident of new results in this case,
we would like to observe that, much like the groups of higher order, there will be a higher
computational complexity when the constructions are applied to Rk when k ≥ 2. This is
because |R2| = 16, |R3| = 256, etc.
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